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1. INTRODUCTION 
We consider a Malinvand technology (see [3], [2] and [6]), which satisfies 
certain assumptions (see (3.i), i = l,..., 5). From the technology and the 
initial supply vector, we derive the set of all feasible consumption plans. Then, 
we consider a utility function defined on the set of all feasible consumption 
plans (see (3.i), i = 13 ,..., 17), and characterize optimal consumption plans 
(see Theorem 4.1). 
Section 2 contains some useful definitions and notation. Section 3 contains 
a description of the model, In Section 4 we prove a characterization theorem 
for optimal plans. Our conditions for optimality are the three well known 
ones (see (4.1), (4.2) and (4.3)). 
This work has benefited from the investigation in [5]. 
2. PRELIMINARIES 
We shall be working with Euclidean spaces of various dimensions. If 
X,Y GE,,, the n-dimensional Euclidean space, then x 3 y if xi > yi , 
i = l,..., n.x>yifx>yandx#y.x>yifxi>yi,i=l ,..., n.The 
scalar product of x and y is denoted by x . y = Cy=, xi yi . I$,+ denotes the 
non-negative cone of En . A real function f defined on E,,+ is (strictly) increas- 
ing if x, y E En+ and x > y (x > y) imply that f(x) >f(y). 
If (Em), t = 0, 1,2 ,..., is a sequence of Euclidean spaces, then their 
Cartesian product )(y=,, Em, is isomorphic to the space s of all real sequences 
(therefore, we shall denote this product by s), where the topology of s is the 
topology of coordinate-wise convergence. If x, y E s, then x 3 y if x(t) > y(t), 
t = 0, 1, 2 ,... . sf denotes the non-negative cone of s. 
* This paper was supported in part by NSF Grant 2530 to Stanford University. 
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3. THE MODEL 
For each t, t = 0, 1,2 ,..., let T, be a subset of E&, x Ez, . We interpret 
T, as the set of all technologically feasible input-output combinations of an 
economy at time t. Clearly, mt+i = n, , t = 0, 1, 2 ,... . We assume 
T, is convex. (3.1) 
Tt is closed. (3.2) 
G-4 0) E Tt . (3.3) 
If 
(0, b) E Tt then b = 0. (3.4) 
There exists 
(a,*, bt*) E T, such that b,* > 0. (3.5) 
Let b,, E E& be the initial supply vector of the economy. A feasible produc- 
tion plan is a sequence of pairs (u(t), b(t)), t = 0, 1,2,..., which satisfies: 
(4, W + 1)) E Tt 9 t = 0, 1, 2 ,..., (3.6) 
b(t) 2 4th t = 0, 1, 2 ,..., (3.7) 
and 
b(0) = b,, . (3-g) 
A feasible production plan (u(t), b(t)), t = 0, 1,2 ,..., determines a feasible 
consumption plan (c(t)), t = 0, 1, 2 ,..., where 
c(t) = b(t) - u(t), t = 0, 1, 2 ,... . (3.9) 
The set C of all feasible consumption plans has the following properties: 
C is convex. (3.10) 
C is compact (as a subspace of s). (3.11) 
Furthermore, 
If h>O then there exists a point P = (p(t)), 
t = 0, 1, 2 ,..., in C such that PO) > 0, (3.12) 
t = 0, 1, 2 ,... . 
(3.12) follows from (3.1), (3.3) and (3.5). 
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For each t, t = 0, 1, 2 ,..., let ut be a real function defined on EL, which 
satisfies: 
ut is concave. (3.13) 
ut is strictly increasing. (3.14) 
ut is continuous. (3.15) 
q(O) = 0. (3.16) 
We shall assume that the following function is a utility function for the 
members of the above economy: 
u(c) = i utWN7 c = (c(t)), t = 0, 1, 2 ,..., in C. t=o 
We shall further assume that 
u(c) < co for all c E c. (3.17) 
A point c* of C is optimal if u(c*) > u(c) for all c E C. 
A price system is a sequence (n(t)), t = 0, 1, 2,..., such that v(t) E E& , 
n(t) > 0 for some t, and J$=, n(t) . c(t) < 00 for all c = (c(t)), t = 0, 1, 2 ,..., 
in C. 
4. CHARACTERIZATION OF OPTIMAL CONSUMPTION PLANS 
In this section we consider an economy whose technology satisfies (3.i), 
i = l,..., 5, whose initial supply vector b, > 0 and whose utility function 
u = CzOut satisfies (3.i), i = 13 ,..., 17. 
THEOREM 4.1. Let c* = (c*(t)), t = 0, 1, 2 ,..., be a member of C and let 
(a*(t), b*(t)), t = 0, 1, 2 ,...) be a feasible production plan which determines c* 
(i.e., (u*(t), b*(t)) satisfies (3.i), i = 6 ,..., 9). Then c* is optimal if and only if 
there exists a sequence (r*(t)), v*(t) E Elt;, , t = 0, 1, 2,..., such that 
u,(c*(t)) - T*(t) - c*(t) > z+(u) - T*(t) * u, 
(4.1) 
for all &EL,. 
r*(t + 1) . b*(t + 1) - r*(t) - u*(t) 3 r*(t + 1) * b -r*(t) . a 
for all (a, b) E Tt . 
p+e T*(T) * a*(T) = 0. 
(4.2) 
(4.3) 
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Proof of Suficiency. Let c = (c(t)), t = 0, 1, 2 ,..., be in C and let 
(a@>, b(t)), t = 0, 1, z-9 be a feasible production plan which determines c. 
We now compute 
go &*(t)) - UtWN 
= co w*(t)) + r*(t) * {b*(t) - a*(t) - c*(t)} 
- utw -n*(t) * {b(t) - a(t) - c(t)}) 
= PO (ut(c*(t)) - n*(t) * c*(t) - {z+(c(t)) - T*(t) *c(t)}) 
7-l 
+ c (7T*(t + 1) * b*(t + 1) - n*(t) * a*(t) 
t=o 
- {Tr*(t + 1) * b(t + 1) - n”(t) * u(t)}) 
- T*(T) ’ (a*(T) - a(T)) >, - CT*(T) - U*(T). 
Using (4.3) we now conclude that u(c*) > u(c). Hence c* is optimal. 
Proof of Necessity. We now assume that c* is optimal. Let C, be the set of 
all sequences c = (c(t)) f or which there exists a sequence (u(t), b(t)), 
t = 0, 1, 2 ,.**, which satisfies (3.6), (3.8) and (3.9) and 
b(t) b a(t) - 2-W), t = 0, 1, 2 )...) (4.4) 
wherep = (p(t)), t = 0, I,2 ,... is a strictly positive feasible consumption plan 
(see (3.12)). Further, let 
C, = {(y(t)) 1 there exists c E C such that 0 <y(t) < c(t) t = 0, 1, 2,...} 
and 
For x E X we define 
It follows from (3.13), (3.14) and (3.17) that u(x) < cc for all x EX. 
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LEMMA 4.2. There exists a price system r* = (n*(t)), t = 0, 1, 2,..., such 
that n*(t) > 0 and 
E. n*(t> * C*(t) > Fan*(t) * c(t) for all c = (c(t)) in Cl . (4.5) 
u(c*) - f n-*(t) *c*(t) > U(X) - $ 7r*(t) * x(t) for all x E X. (4.6) 
t=o t=o 
Proof. Let e = (e(t)), t = 0, 1, 2 ,..., satisfy e(t) EEA, , t = 0, 1, 2 ,..., 
e(0) = (1, O,..., 0) and e(t) = 0 for t 3 1. c* + e is a member of X and 
u(c* + e) - u(c*) = 28 > 0. Since u(c*) = CT=, z+(c*(t)) < CO, there exists 
a natural number T such that the point d defined by d(0) = c*(O) + e(O), 
d(t) = c*(t) for 1 < t < T and d(t) = 0 for t > T, satisfies u(d) = u(c*) + 6. 
Let 0 < E < 6 and let Q be a natural number. We define 
Z(Q, E) = 
I 
x 1 z ES+ and i ut(x(t)) > i z+(c*(t)) + E for T 3 Q 
t=o t=o I 
d E Z(Q, 4. Thus, Z(Q, ) E is a non-empty convex and closed subset of s. 
Since c* is optimal Z(Q, 6) n C, = 0. C, is a convex and compact subset 
of s. Hence by [I, 14.41 there exists a continuous linear functional n on s 
which strictly separates Z(Q, c) and C, . rr = (n(t)), t = 0, 1, 2 ,...) 
r(t) E Em, and n(t) = 0 except for finitely many values of t. There exists a 
real number v > 0 such that 
gov(t) * x(t) > gor(t) * c(t) + v for z E Z(Q, e) and c E C, . 
(4.7) 
It follows from the definition of Z(Q, c) and from (4.7) that n(t) > 0 for 
t = 0, 1, 2 ,... . c* + e E Z(Q, c). Hence, by (4.7), ~~(0) > Y > 0. Since 
4(O) > 1, we may assume that CF-, r(t) * d(t) = 1. We define 
P(Q, c) = T ] n E s+, i n(t) * d(t) = 1 and t=o 
(4.8) 
go m(t) * z(t) > i. n(t) - c(t) for all B E Z(Q, E) and c E C,) . 
(Notice: If 7r E P(Q, G) then CTxo~(t) * c(t) exists for each c E C, .) 
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By the above discussion P(Q, c) # m for 0 < E < S and Q 3 0. In addition 
The family of sets P(Q, E) has the finite 
intersection property, i.e. the intersection 
of any finite sub-family is non-empty. 
(4.9) 
We proceed with the proof of a sub-lemma. 
SUB-LEMMA 4.3. P(Q, E) is a compact subset of s. 
Proof. If VT E P(Q, c) then 
1 = i r(t) * d(t) > 2 ?-r(t) *p(t) 
t=o t=o 
where p = (p(t)) is the consumption plan which appears in (4.4). Since 
p(t) > 0, t = 0, 1, 2 ,..., P(Q, E) is contained in a coordinate-wise bounded 
subset of s. Thus it remains only to show that P(Q, E) is a closed subset of s. 
Let 7f = limk,, 7rk, where rrk E P(Q, c), k = 1,2 ,... . Clearly r(t) > 0, 
t = 0, 1, 2 ,.*., and C,‘=, r(t) * d(t) = 1. N ow let z E Z(Q, 6) and c E C, . Let 
A > 0 be an arbitrary positive number. There exists a natural number T(X) 
such that the point xA defined by ~~(0) = z(0) + Ae(O), z”(t) = z(t), 
1 < t < T(h) and z(t) = 0, t > T(X), satisfies zA E Z(Q, c). Now choose 
N(h) such that &,N(A) 2-t < A. 
T(A) 
h”(O) + c r”(t) - x(t) 2 f 7+(t) - c(t) > 5 G(t) - c(t) - A 
t=o t=o t==o 
for k = 1,2,... and for M > N(X). Hence 
T(A) 
h?r,(O) + c 77(t) * z(t) > f 7(t) - c(t) - A. 
t=o t-o 
Since X > 0 is arbitrary, 
Hence 7r is in P(Q, E). 
It follows from (4.9) and Sub-lemma 4.3 that there exists a price system r 
which belongs to the intersection of all the sets P(Q, c), Q > 0 and 0 < c < 6. 
Clearly rr E s+ and C,‘=, p(t) * d(t) = 1. 
409/32/3-x2 
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Moreover 
XEX and u(x) > u(c*) imply that 
i. r(t) - x(t) 2 F. r(t) * c(t) 
(4.10) 
for c E Cl . 
Since d E X and u(d) > u(c*), n is a price system. (4.10) and (3.14) imply 
(4.5) (for 7r). 
SUB-LEMMA 4.4. n(t)> 0 for t = 0, 1,2,.... 
SUB-LEMMA 4.5. Ij x e X and 
go 4t) * x(t) d i 44 * c*(t) 
then u(x) < u(c*). 
The proofs of Sub-lemmas 4.4 and 4.5 are similar to the proofs of Lemmas 
3.3 and 3.4 in [4], respectively; hence, they are omitted. We conclude the 
proof of Lemma 4.2 with the following sub-lemma. 
SUB-LEMMA 4.6. There exists a price system V* = yn, y > 0, with satis- 
fies (4.6). 
The proof of Sub-lemma 4.6 is similar to the proof of Theorem 3.6 in [4] 
(replace the set F in the proof of ([4] Th eorem 3.6) by X in order to get the 
proof of Sub-lemma 4.6). 
Using Lemma 4.2 we shall now prove that conditions (4.1), (4.2) and (4.3) 
are necessary for optimality. To prove (4.1) let 0 < 7 < CO be a fixed natural 
number. Consider the sequences (x(t)), t = 0, 1, 2,..., in X which satisfy 
Using (4.6) we get 
u,(c*(T)) - n*(7) * C*(T) > u,(o) - r*(T) * u, UEE&. 
To prove (4.2) let 0 < 7 < co be a fixed natural number. Consider the 
production plans (not necessarily feasible), (a(t), b(t)), t = 0, 1,2,..., which 
satisfy: 
a(t) = a*(t), t # 7. (4.11) 
b(t) = b*(t), t#7+1. (4.12) 
(a(T), WT + 1)) E T, . (4.13) 
and 
b*(7) - a(T) 3 - 2-‘P(T) 
(4.14) 
b(~ + 1) - a*(7 + 1) > - 2++l)p(~ + l), (see (4.4)). 
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Let (a(t), b(t)) satisfy (4.i), i = II,..., 14, and let c(t) == a(t) - a(t), 
t = 0, 1) 2 ,... . Then c E C, (see (4.4)). Using (4.5) we get that 
n*(T) . (b*(T) - a*(T)) + 7T*(T + 1) . (b”(r + 1) - a*(7 + 1)) 
>, T*(T) ’ (b*(T) - U(T)) + ?T*(T + 1) ’ (+’ + 1) - a*(7 + 1)). 
Hence 
T*(T + 1) ’ b*(T + 1) - T*(T) ’ U*(T) > T*(T + 1) ’ b(’ + 1) - n*(T) ’ a(T) 
for all (44 b(T + 1)) which satisfy (4.13) and (4.14). (4*15) 
Using the convexity of T, it is clear that (4.15) implies (4.2). 
To prove (4.3) let E > 0. Choose T such that Ct,r n*(t) . c*(t) < E. For 
7 > T let c = c(t) be defined by 
c*(t), t < T, 
C(t) = b*(T), t = 7, 
0, t > 7. 
Then c E C. Using (4.5) we have 
6 > tFTm*(t) ’ c*(t) > t;T T*(t) ’ C(t) = 77*(T) ’ b*(T) > T*(T) ’ U*(T). 
Remark 4.7. Some of our assumptions on the utility functions may be 
somewhat relaxed. Instead of (3.14) we may assume 
z+ is increasing, (4.16) 
and instead of (3.16) and (3.17) we may assume 
is convergent for each (c(t)), t =0,1,2 ,..., in C. (4.17) 
The reader will find no difficulty in modifying the proof of Theorem 4.1 
when (3.14), (3.16) and (3.17) are replaced by (4.16) and (4.17). 
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